Asymptotics of the eigenvalues of elliptic 
systems with fast oscillating coefficients 



D. Borisov 

Abstract 

We consider singularly perturbed second order elliptic system in the 
whole space with fast oscillating coefficients. We construct the complete 
asymptotic expansions for the eigenvalues converging to the isolated ones of 
' the homogenized system, as well as the complete asymptotic expansions for 

^ . the associated eigenfunctions. 

(N : 

^! Introduction 

^ ■ Many works are devoted to the studying of the asymptotic behaviour of the elliptic 

^ ■ operators in bounded domains (see, for instance, [I112] and the references therein). 

. The similar question for unbounded domains are studied much less. Recently 

'. quite intensive study of the such problems has been initiated (see [3], HI [3, E] and 

^ I the references therein). One of the interesting question concerns the behaviour of 

• the spectrum of the mentioned operators in unbounded domains treated as the 

■ operators in L2. The one-dimensional case was studied in [3, |S1 El HH]- There 

C . we considered the operators whose coefficients depended on slow and fast variable. 

! The dependence of the slow one was supposed to localized on the finite interval, i.e., 

at infinity the coefficients depended either on fast variable or were constant. We 
have studied in detail the asymptotic behavior of continuous and point spectrum 
00 . and constructed the asymptotic expansions for the eigenvalues and the associated 

^ . eigenfunctions, as well as for the edges of the zones of the continuous spectrum, 

ly-^ ! In the present work we generalize partially the results of the cited papers to 

O I the multi-dimensional case. Namely, we consider a second order elliptic system 

^ ■ in a multi-dimensional space with fast oscillating coefficients. The coefficients de- 

^ ■ pend on slow and fast variable and are periodic w.r.t. the fast one, while they 

are uniformly bounded together with all their derivatives w.r.t. the slow variable. 
The main result of the paper is the asymptotic expansions for the eigenvalues of 
I the perturbed system converging to the isolated eigenvalues of the homogenized 

one. Moreover, we construct the complete asymptotic expansions for the corre- 
sponding eigenfunctions. We also note that the similar elliptic system has already 
been studied in [3], and the leading terms of the asymptotic expansion for the re- 
solvent were constructed. It has been also shown in [3] that basic operators of the 
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mathematical physics are particular cases of this elliptic system; the great number 
of interesting examples has been adduced in [H [3] . The results of our work are 
applicable for all these examples; in the case of the examples in |H |3] we also allow 
the coefficients to depend on the slow variable. 



1 Formulation of the problem and main results 

Let r be a Banach space. By Wi{R'^;Y) and W^iR^^^Y), d ^ 1, we denote the 



Sobolev space of the functions defined on 
norms 



with values in Y possessing the finite 



max ess sup 



dx"- 



Y 



U 



dx"- 



dx. 



Y 



If k 



0, we will employ the notations L^iW^^Y) := W^{R'^;Y), L2{R'^;Y) := 

oo 

W^(R'^;Y). We denote W(R'^;Y) := f] W^(R'^;Y). 

i=l 

In the space M*^ we select a periodic lattice with the elementary cell □. We will 
employ the symbol CJg^(n) to indicate the space of D-periodic functions having 
finite Holder norm || ■ Hf^^^^p) := II ■ IIc-t(O)- In R'' we introduce the Cartesian 
coordinates x = {xi, . . . , Xd) and ^ = . . . We will often treat a D-periodic 
w.r.t. ^ vector-function f = f (x, ^) as mapping points x G M°' into the function / = 
f{x, ■). It will allow us to speak about the belonging of f (x, ^) to W^{W^; C^g^(n)) 
andVr|(R'^;C;,,(n)). 

Let A = A{x,^) e W(R'^;Cp^/{D)) be a matrix-valued function of the size 
m X m, m ^ 1, /5 G (0, 1). We assume that it is hermitian and satisfies the uniform 



m 



p2d 



estimate 



where is m x m unit matrix. By B = B{() we denote the matrix-valued 
function B{() = Yli=i^iCiy where ( = {(i, . . . Xd), and Bi are constant m x n 
matrices, and m ^ n, rank5(C) = n, ( ^ 0. Let V = V{xX) e >V(M'^; C^^^p)), 
tti = ai{xX) e W{R'^;C^t/{n)), k = bi{x) G W(M^) are matrix-valued functions 
of the sizes nx n, and the matrix V is assumed to be hermitian. The entries of all 
the matrices are supposed to be complex-valued. By e we denote a small positive 
parameter, and given function /(x,^) we let /^(x) := / (x, x/e). 
The perturbed operator is introduced as 

:= B{dyA,B{d) + a,(x, d) + V, 

in L2{R'^; C") with the domain W^{R'^; C"). Here 

d d 

B{d) := J2 B^^^, B{dy := - J] B*d,, 



i=l 



i=l 
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a 

ae{x,d) := a (x, -,d] , a(x,^,C) := ^ {ai{x,C)Cibi{x) - b*{x)Cia*{x,^)), 

i=i 

where d = {di, . . . ,dd), di is the derivative w.r.t. Xj, the superscript * indicates 
hermitian conjugation. It was shown in [3] that the operator Ti^ is self-adjoint and 
lower-semibounded uniformly in e, and the homogenized operator was obtained. 
Let us describe the latter. 

Let Aq = Ao(x, ^),Ai = Ai(x, ^) be the matrices of the size n x n and n x m, 
respectively, being D-periodic w.r.t. ^ solutions of the equations 

dn* 

Bid^yAix,OBid^)Aoix,0-J2^:{x)j^{x,0 = 0, {x,0 

i=i '^^■^l 

B{d^yA{x, {B{d^)Mx, + Em) = 0, (x, G M=^^ 

and satisfying the conditions 

/A.(..Od«^0. .eR', .^0.1. (1.2) 

□ 

Here = • • • , 1^ established in [3] that the problems fll.ip . (11.21) 

are uniquely solvable and Aj G W^{R'^; Cp^f(D)). The homogenized operator Hq 
was determined as follows 

Ho ■■= B{dyA2B{d) + d) + Ao, 
□ 

:= ^^B{dy j A{x,OB{d^)Ao{x,Od^ 

/lo(x) := -p y (fi(95)Ao(x,0)*^(x,Oi?(5c)Ao(x,Ode + py" V^(x,Ode, 
□ □ 

and considered as an operator in L2(M'^; C") with the domain W2^(]R'^; C"). It was 
shown that this operator is self-adjoint and lower-semibounded. 

Let Aq be a A^-multiple isolated eigenvalue of TCq. It follows from [3], Corollary 
1.2] that there exist exactly eigenvalues Xe \ i = 1, . . . , N, of Hg (counting mul- 
tiplicity) converging to Aq as e — +0. The aim of the paper is to construct the 
complete asymptotic expansions for these eigenvalues and the associated eigen- 
functions. Before presenting our main result, we introduce additional notations. 
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Let Vo'* be the orthonormalized in L2(M'^;C") eigenfunctions associated with 
Aq. We introduce the matrix T with the entries 

T,, := ^(/C_i(Ai5(a,) +Ao)V?,(Aii?(5x) +Ao)4'^) 



/C_i := B{d^yAB{d,) + B{d,yAB{d^) + a{x, d^), 
/Co := B{d^)*AB{d,) + aix, e, 9,) + V, 

where .9, := 9g := ^, |- are respectively the 

partial derivatives w.r.t. Xi and for the functions u = u{x,C,)- In formulas given 
the arguments of all the functions except t/'g '* are [x,^). 

The matrix T being hermitian, there exists a unitary matrix 5*0 such that the 
matrix SqTSq is diagonal. We denote := ^f=i S^j^ \ where S'|°'' are the 

elements of 5*0. The vector-functions are orthonormalized in L2{W^] C"). By 
Tj, i = 1, . . . , A^, we denote the eigenvalues of T. 

Theorem 1.1. Let the eigenvalu 
satisfy the asymptotic expansions 



Theorem 1.1. Let the eigenvalues of T he different. Then the eigenvalues X^f^ 



Af = Ao + 5^e^Af, (1.3) 

\f = r„ (1.4) 

where the rest of the coefficients is determined by Lemma \3. M The eigenfunctions 
associated with Ai*'' can he chosen so that in the norm o/ iy2^(]R'^; C") they satisfy 
the asymptotic expansions 

N 

t/.»(x) = *?(a;) + 5^.^*«(x,^), (1.5) 

i=i ^ 

^f{x,0={^i{^,OB{d^)+K{x,0)n{^) + ci>f{x), (1-6) 

where (pi^ are given hy ^3. in) . ^3. ^3.13\) . The rest of the coefficients in ^.5\) 
is determined in Lemma \3. M 

We stress that the assumption Ti Tj, i j, is not essential for the constructing 
of the asymptotic expansions for the eigenvalues and eigenfunctions of Tig. We have 
used it just to simplify certain technical details. If this assumption does not hold, 
the technique employed in the proof of Theorem 11.11 allows us to construct the 
asymptotics for A^*^ and V'i*''- We also note that this assumption is the general 
case, if Aq is multiple, and is surely to hold true, if Aq is simple. 
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2 Auxiliary statements 



In the present section we prove a series of auxiliary statements. 
Lemma 2.1. For any u G W2{^'^', C") the uniform in e estimate 

l|u||vK|(Rd;C") ^ Ce ^ (||7-^eU||j;^2(Kd;C") + II u||l2{K'^;C")) 

holds true. 



Proof. It is sufficient to show the estimate for the vector-functions u G C^(R'^) 
since the latter set is dense in W2{^'^; C"). Throughout the proof we indicate by 
C inessential constants independent of e. 
We denote f := TigU. Since 



L2(R<';C") 



{AB{d)u,Bid)u) 



L2{ 



+ 2 Re ^ {at^edih 



L2(K'';C")' 



i=l 



it follows from an uniform in e inequality 

<^i||Vu||i^(j,,^C") ^ (^^^(^)U'^(^)u)L2(R-e") 
proven in Lemma 2.1 in [3] that 

l|u||w'2i(K'';C") ^ (||f ||l2(IR'';C") + I|u||l2(R<*;C")) 

By the definition of and the estimate established we obtain 



^ C2II Vu||^^(]jjd.j,„-), 



(2.1) 



L2(M.'';C") 



^ l|f llL2(IRd;C") + ||u||vFi(IR'';C") 



f2.2l 



^ Ce 



-1 



IL2(M'*;C") 



U 



L2(M'*;C") 



) 



Let ^ Xp{^) = 1 be a partition of unity for R'^ such that each of cut-off functions 

p 

obeys an inequality ^ ||Xpl|c2(suppxp) ^ C*, where the constant C is independent 
of p, and the support of each Xp can be shifted inside a fixed bounded domain in- 
dependent of p. We also assume that the number of the functions Xp not vanishing 
at a point a; G M'' is bounded uniformly in a; G M*^. We denote 

d 

Up{x) := Xp (^) u(a;), fp := - ^ B*A^BjdijUp. 



We observe that by (O), (ED 



L2(K'*;C") 



u 



pIIL2(K'';C") 



Ce ^ f llf l|i2(Md;C") 



u 



L2(Kd;C") / ' 



(2.3) 



where flp^^ '■= suppXp (^)- The definition of Xp yields that suppw C ^2^^^, and the 
hnear size of Qp^^ is of order O(e^). 

Let x^p^ be a point in this support. By the smoothness, the matrix satisfies 
the identity 

Ae{x) = AeixP)+eA{x,p,e), \A{x,p,e)\ ^ x G ^]p,^, 
where the constant C is independent of e, p and x G flp^e- Thus, 

d d 

- B*A, {xf)Bjdi,Up = lp + eY, B*A,Bjd,jnp, x G Qp^e- 

i,j=l i,j=l 

The left-hand side of this equation contains a differential operator with constant 
coefficients that allows us to employ the estimate (10.1) from pT, Ch. IV, §10.1, 
Th. 10.1] and to obtain 

d / d \ 

||c^ijUp||L2(np,,;C") ^ C I ||fp||L2(np,E;C") +^ \\dijUp\\L^(^Q^^^.C") \ , 

i,j=l \ i,j=l / 

where the constant C is independent of e and p. In view of (12.31) we conclude now 
that 

d 

\\dijUp\\L2{np,,-C'^) ^ C'||fp||L2(Qp_^;C"), 

d d d 

i,j=l i,j=l p p i,j=l 

+ Ce l|u|lvK2HQp;C") ^ C*^ ^ IIl2(IR'';C") + II"IIw2HM'';C")) ' 

P 

This inequality lead us to the statement of the lemma. □ 
Lemma 2.2. Let f (x, ■) G C^er(n) /^^ ^ G M*^. T/ie s?/stem 

Bid^YAix, OBid^Mx, = f (x, 0, e e 

/ias i/ie O-periodic in C, solution v(x, ■) G Cpg'^'^(n) unique up to a constant (w.r.t. 
^ ) vector, if and only if 

y"f(x,Ode = 0, xeW. (2.4) 
□ 

// this condition is satisfied, there exists the unique solution v satisfying 1^2. too. 
Ifte Wj(M'^;C^,,(n)), p = 2, p = oo, then v G W^{W^]Cltf(n)) , and the 
estimate 

\\'^\\w^{W.<i;Cl+f(U)) ^ llwfe(Rd;C^er(n)) 

is valid. 
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This lemma is proved completely by analogy with Lemma 2.2 in [3]. 

Lemma 2.3. For A close to Xq, sufficiently small e, and any f G L2(M'^;C") the 
representation 

N T (*) 

{H, - X)-H = J2 T(I)^(f ' *f )l.(m-C") + 2., (2.5) 

i=l Ae - A 

/io/(is true, where ^^^^ are the eigenfunctions associated with A^*^ and orthonormal- 
ized in L2(M.'^]C"'), while the vector-function satisfies the uniform in e and A 
estimates 

l|Ue||L2(R'*;C") ^ C'Hf ||i2(]Rd;C")! II || VK|(Rd;C") ^ ^l|f I|l2(IK'';C")- (2-6) 

Proof. The representation (12.51) follows from [12, Ch. V, §3.5, Formula (3.21)], 
where the vector-function is holomorphic w.r.t. A close to Aq in the norm of 
L2(M'^; C"). One can make sure that 

N 

u, = ins-\)-'f, f :=f-5^(f,*«)i,(M.;C")*i^^. (2.7) 

Let 6 he a sufficiently small fixed number such that o"disc('^^o) H {A : |A — Ao| ^ 
6} = {Ao}. By the convergences A^*^ Aq for all e small enough we hence 
have dist ( (Tdisc(K), {A : |A - Ao| = 6}) ^ 5/2. This inequality by [12i Ch. V, 
§3.5, Formula (3.16)] and (12.71) implies the former of the estimates in (12. 6p for 
|A — AqI = 5, where the constant C is independent of e and A. By the maximum 
modulus principle for the holomorphic functions we conclude that this estimate 
is valid for |A — Ao| < 5 as well. The former estimate in (12. 6p follows now from 
Lemma 12. 1[ □ 



3 Proof of Theorem 1.1 



First we construct formally the asymptotic expansions for the eigenvalues and the 
eigenfunctions. Then the justification of these asymptotics will be adduced. 

We employ the two-scale method [I] in formal constructing. The asymptotics 
for the eigenvalues of He converging to Aq are constructed as the series (II. 3p , while 
the asymptotics for the associated eigenfunctions are sought as the series (11.50 . 
The aim of the formal construction is to determine the coefficients of the series 
fOD . ffL5D . The vector-functions = (a;,0, j > 1, 

are sought to be □- 

periodic in ^, and fast decaying as |x| +00. We will specify their smoothness 
and behavior at infinity in more details during the constructing. 

We substitute the series f OD . ffT3D into the equation T^^V'f = Ai'V^*^ and 
collect the coefficients of the same powers of e. As a result, we arrive at the series 
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of the equations 



k=l 

(3.1) 



where j ^ -I, A = A{x,0, V = V{x,0. = ? ^ 1, *i = 0, j < 0. 

For i = —1 the equation (13. ip casts into 

As it follows from fll.ll) and the definition of /C_i, a D-periodic w.r.t. C, solution 
of this equation is given by 

= T«(x,0 + T« := (Ai5(9) + Ao)*^, (3.2) 

where (/)^*'' is a vector-function to be determined. 

It follows from Lemma O that A^ G W(]R'^; C2+/3(n)), and thus the coefficients 
of Tio belong to W(M'^). Employing this fact and differentiating the equation 
{Ho - Xo)^o^ = 0, one can easily make sure that ^J,*^ G W^{R'^;C''), where 

iy2°°(M'^;C") := n W^(R'^;C'^). It implies that Ti*^ G W^a^l^'^; C'2+/(n)). 

A:=l 

We substitute (13. 2p into (13. ip for j = to obtain 
B{d^rAB{d^)^^^ = -/C_iTP-/Co*? + Ao*?^-/C_i(/>P, (x,0 eM^'^. (3.3) 



In accordance with Lemma 12.21 the equation is uniquely solvable in the class of 
□-periodic w.r.t. ^ vector-functions, if the solvability condition (12. 4p holds true. 
In view of the identities 



(3.4) 



J {B{d^)AoyAB{d^)Aod^ = -Y^ J «A^de, 
□ '=1 □ 

established in |3j, it is easy to check that this solvability condition leads us to the 
equation [Ho — Ao)^'o^ = 0, which holds true by the definition of Hence, the 
vector-function reads as follows 

*?(a;,0 = T«(a;,0 + (Ai(a;, 0^(5) + Ao(x, 0)0? (a^) + (3-5) 



where (^2'' is a vector-function to be determined, and Tg'' are D-periodic w.r.t. ^ 
solutions to the equation 

B{d^yAB{d^)r^^ = -/C_iTP - /Co*J^ + Ao*?\ (x,0 e R'', (3.6) 
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and satisfy (12.41) . The equation is uniquely solvable, since the right hand side 
of (13. 3p and the vector-function K,-i4>f^ satisfy (12. 4p . By Lemma 12.21 T2'' € 

w^iw'-.cltAn))- 

We substitute now ([SISD, into dSlD with j = 1, 

B{d^rAB{d^)^\^f = -/C_iT« - /CoTP + AoT« - /C_i(AiS(a.) + Ao)0? 

(3.7) 

We write down the solvability condition (12.41) for the equation and take into account 
(13.41) . It leads us to the equation for (f){\ 

{Ho - Ao)0? = a!%« (/C_iT« + /CoTP) de. (3.8) 

□ 

The right hand side of this equation is an element of W^{M.'^] C"). Since Aq is an 
isolated eigenvalue of Ho, the equation is solvable in W2{M.'^; C"), if and only if 



Ar*^^-py + WOde,*r =0, k = l,...,N. 

□ / L2(M'*;C") 

(3.9) 

If these conditions hold, the solution to (13.81) is defined uniquely up to a linear 

(i) 

• 

Lemma 3.1. The identities 



combination of . 



hold true. 



Proof. Integrating by parts and taking into account the equations (11.11) . (13.61) and 
the conditions (II. 2p . we obtain 



1 )L2(IR'*xn;C") 



By the definition of T and ^'q ■* it proves the lemma. □ 

In view of the definition of ^f"* the identities (13. 9p hold true, if the numbers A[*^ 
are chosen in accordance with (II. 4p . The corresponding solution of the equation 
(13. 8p reads as follows 

N 

# = 0S%5^4M'\ (^'Uf^).2(M-C") = 0, fc = l,...,iV (3.10) 
p=i 

9 



where S^p'^ are numbers, and G W^{M.'^]C^). The latter belonging can be 
justified easily by differentiating (13 .Bp . The solution of (13.71) is given by 

N 



k=l 



where ^ is the vector-function, and $3 ^ G W^{M.'^; C^^f{D)) is a solution to 



(3.11) 



per 



D2d 



Let us show how to determine S^^^ and Aa''. We substitute (13.21) . (13.51) . (13.101) . 
(13. lip into (13. ip with j = 2. The solvability condition (12. 4p for this equation yields 

N N 

{Ho - Xo)cl>? =X? E 4^*?^ - O 5Z ^^^^ / (^^^^^"^ + 

p=i ' ' fc=i ^ (3-12) 

+ A«0SSA«*«-g«, xGM^ 
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PI 



J (/C_i$« + /CoT? + /Co(Ai5(9,.) + Ao)0f^) de 



□ 

The right hand side of the obtained equation belongs to W^{M.'^;C"'). Now we 
write the solvability condition for (I3.12p and take into account Lemma 13.11 and 
(dm). It leads us to 

- ))4^) + A«5,, - (g«, ^i'^)L.,imc^) = 0, k = l,...,N, 
where 6ik is the Kronecker delta. By the assumption Ti ^ tj, i j, it implies that 

c(l) _ (g?^^0^^)^2(M'';C") , , _ . H) ^(i). , . 

^ik - ' f^T^, A2 - (g2 , Wq (Kd cn). (3.13) 

Without loss of generality we let S^P = 0. The formulas (II. 6p are proven. 

The construction of the other terms of the series (11.30 . (II. 5p is carried out by 
the same scheme. The results are in the following lemma which can be easily 
proved by induction. 

Lemma 3.2. There exist unique solutions to liS. 1\} and the uniquely determined 
numbers X^j \ which read as follows 



*f (x,0 + (Ai(x,0S(5.) + Ao(x,O)0f 1 

TV 
k=l 
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X) 



N 
k=l 

where G W^{R'^;C^+f{n)) are the solutions to 

\ k=l 

- /Co f + (MBid.) + Ao)4^, + f2 Sf'r? + 

\ k=l 

i-2 

h2d 



fc=0 



and satisfy ( f^ , A[,*^ := Aq. The vector-functions (j)- G W^{R'^;C'') are the 
solutions to the equations 

{H, - X,)<t>f = X? E Sll}^i^ - ^ E / (^-1^? + ^oT«) de 

fc=l ' ' k=l Q 

k=2 



□ 



k=l 



being orthogonal to k = 1, . . . , N , in L2(M'^; C"). The numbers SH'' and A^*-* 

are determined by 

' j 'A; 

Thus, the coefficients of the series (II .31) . (11.51) are determined that completes 
the formal constructing of the asymptotics. 
We denote 



aS := Ac + E^^Af , rP^ix) := + E^^*f ^ 



i=i i=i 



The next lemma follows directly from Lemma [3.21 and the equations fl3.1l) . 

Lemma 3.3. The function ^pfl G W^(R'^; C") solves the equation {ne-\%)'^% 
^e^k' 'where the function i^^l G L2(M°'; C^) satisfies an uniform in e estimate 



\f{i) II ^ r'c-'^^i 
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Basing on Lemmas I2.3[ 13.31 and proceeding completely in the similar way as 
in the proof of Lemma 4.3 and Theorem 1.1 in [13], one can show now that the 
eigenvalues A^*^ and the associated eigenfunctions satisfy the asymptotic expansions 
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